We study AdS 7 /CFT 6 correspondence between M-theory on AdS 7 ×S 4 and the 6D N = (2, 0) superconformal field theory. In particular we focus on Wilson surfaces.
Introduction and summary
The AdS/CFT correspondence [1] provides a lot of new insight into wide regions of physics, and it is significant to reveal even more properties of this duality for understanding string theories and gauge theories. While many attempts succeed in confirming it in lower dimensions, the higher-dimensional versions of the correspondence are still mysterious. The main reason is that there are few known facts about conformal field theories in higher dimensions. However, recently it was found that the supersymmetric localization can be applied to 5D super Yang-Mills theories on curved geometries and their partition functions can be derived exactly as mentioned below. We can utilize them to verify the AdS d+1 /CFT d for d ≥ 5. For example, there are a few pieces of evidence of the AdS 6 /CFT 5 [2, 3] . [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15] . The 5D N = 1 * theory on the round five-sphere with a radius r, which contains a vector multiplet and an adjoint hypermultiplet, has N = 2 supersymmetry if the mass for the hypermultiplet takes a specific value. Then the partition functions and Wilson loops reduce to the Chern-Simons matrix model [7, 16] first considered in [17] . Also, we can produce the 5D maximal super Yang-Mills (MSYM) on S 5 from the (2,0) theory by the dimensional reduction with the appropriate twist to keep the supersymmetry [7] . It is argued in [18, 19, 20] that Kaluza-Klein modes in 6D can be identified with instanton particles in 5D under
where R 6 is the radius of the compactified S 1 , and g Y M is the five-dimensional gauge coupling constant. Following their discussion, the 5D MSYM seems to contain all degrees of freedom of the (2,0) theory. An observation supporting this claim is that the free energy obtained by the Chern-Simons matrix model reproduces N 3 behavior 1 of the supergravity analysis on AdS 7 × S 4 [7, 16, 21, 22] .
In this paper, we focus on the expectation values of Wilson surfaces for the AdS 7 /CFT 6 correspondence. The Wilson surfaces in the (2,0) theory are a class of nonlocal operators localized on surfaces in 6D [23] . Through the above argument, Wilson surfaces extending to the compatified direction are Wilson loops in the 5D theory. Therefore, we compute the expectation values of them by using the Chern-Simons matrix model. In particular we evaluate the expectation values of Wilson loops in large-rank anti-symmetric representations and symmetric representations in the large N limit.
On the other hand, naively a probe M2-brane ending on multiple M5-branes is the Mtheory description of the Wilson surface [23] . The holographical description of a spherical
Wilson surface has been studied in [24, 25] . Recently, it has been clarified in [26, 11, 16] that the expectation value of the Wilson surface wrapping on S 1 × S 1 in the fundamental representation matches that of the M2-brane wrapping AdS 3 .
In this paper, we consider a probe M5-brane description of the Wilson surface [27, 28, 29, 30, 31] M5-branes. In the calculation for the M5-branes, we use the so-called Pasti-Sorokin-Tonin (PST) action [37, 38, 39] .
We compare the results on the CFT side and the gravity side, and we find new evidence supporting the AdS 7 /CFT 6 correspondence; the M5-brane wrapping AdS 3 × S 3 and wrapping AdS 3 ×S 3 perfectly agree with the Wilson surface in symmetric representation and in anti-symmetric representation respectively. We note that the authors of [16] have suggested that the relation (1.1) be modified at strong coupling such that the constant coefficient becomes dependent on the square of the mass for the adjoint hypermultiplet.
One can find that our results are truly consistent with their argument.
One of the interesting future directions is to study the relation between the bubbling geometry and Wilson surfaces in larger representations. A class of bubbling solutions in the 11-dimensional supergravity as the gravity dual of the Wilson surfaces is obtained in [40, 27, 41, 31] along the line of the bubbling geometry for local operators [42] and Wilson loops [40, 43, 44] . In these solutions, the eigenvalue distribution of the matrix model is suggested as the following form: the real line of the eigenvalue space is divided into black and white segments, and the density is a positive constant on the black segments and zero on the white segments. direction is twisted appropriately [7, 11] .
The expectation values of Wilson loops wrapping on the great circle on S 5 with a radius r are calculated by using the localization technique [4, 5, 6, 7, 11] . In particular, the expectation value of the Wilson loop in the representation R in MSYM with a coupling constant g Y M reduces to the Chern-Simons matrix model
. Z is the partition function given by
We evaluate these integrals in the limit N → ∞ while β is kept finite in order to compare them to the gravity calculation. Notice that this limit is different from the 't Hooft limit.
For the 't Hooft limit, the expectation values of the Wilson loops are computed in [46] .
Let us first consider the eigenvalue distribution of the partition function before calculating the Wilson loop. When we take N → ∞ with fixed β, the hyperbolic sine factor is simplified and we obtain
In the limit, both terms in the exponential are O(N 3 ), and, therefore, this integral can be evaluated by saddle points. It yields to the saddle point equations for
We can easily find the following solutions under the assumption ν i > ν j for i < j:
In other words the eigenvalue density is given by
We note that instanton factors do not appear in our computation. The full partition function of the N = 1 SYM on S 5 including instantons is derived in [11] as
where
inst is an instanton one-loop determinant (see [11] for details). For the maximally supersymmetric case obtained by taking appropriate limits of each parameter, the
pert reduces to (2.2) and
Thus, the instanton factor in MSYM is just a constant independent of the integration valuables and does not affect the expectation value because this should be canceled by the normalization factor in (2.1).
Symmetric representation
Let us consider symmetric representation S k where the rank k is O(N ). The trace in S k is expressed as
Although (2.9) includes various contributions in the summation, the largest one comes
Therefore, the leading contribution to the expectation value is given by
We again acquire ν 1 by the saddle point equation
Hence,
We put it back into (2.10), then the leading one depending on k becomes
Here we use the fact that W S k = 1 when k = 0. This expression (2.13) reproduces the result of the fundamental case when k = 1 [11, 16] . The same result as (2.13) is also obtained by substituting n = 1, m = k in (A.8) or (A.10). This result (2.13) is compared to the result on the gravity side in the next section.
anti-symmetric representation
We turn to calculating the expectation value of the Wilson loop in anti-symmetric repre-
The trace in this representation is written as
14)
The largest contribution in the large N limit is in the case of i l = l because of our ordering
Since this insertion does not change the eigenvalue distribution, we can find with (2.5),
The expression is invariant under the exchange of k and (N −k) as expected and reproduces the result of the fundamental case when k = 1 [11, 16] . The same result as (2.16) is also obtained by substituting n = k, m = 1 in (A.8) or (A.10). This result (2.16) is compared to the result on the gravity side in the next section.
Probe M5-branes in 11D supergravity
Let us now turn to the holographic description of the Wilson surfaces. An M2-brane wrapping AdS 3 is the gravity dual to the Wilson surface in fundamental representation [24, 25, 26, 11, 16] . On the other hand, probe M5-branes are better descriptions for the Wilson loops in large-rank symmetric or anti-symmetric representations [27, 28, 29, 30, 31] , and we employ this probe M5-brane description in this paper.
Supergravity background
We take the following forms for the AdS radius L and the M5-brane tension T 5 as well as
where P is the 11-dimensional Planck length. The metric of Euclidean AdS 7 ×S 4 is written in terms of the global coordinates
where dΩ 2 3 and dΩ 2 3 are metrics of units S 3 andS 3 , respectively. In order to make the boundary S 1 × S 5 , we compactify the τ direction (see Fig. 1 ) as
To be precise, the identification (3.3) is accompanied by the rotation of the isometry in theS 3 direction in order to compare the result from 5D MSYM [7, 11] .
Another convenient set of coordinates is the AdS 3 × S 3 foliation. In these coordinates, the metric is expressed as
where (u, w) are related to (ρ, η) as We denote the vielbein for the spacetime by E a , then divide each component such as The plane Wilson surface is located at r 2 = 0, y → 0. We denote one of the worldvolume coordinates on the M5-brane by λ, and take the ansatz
where κ is a constant. The induced metric is given by
where y := dy/dλ, and g S 3 is the determinant of the metric of unit S 3 .
Since the submanifold totally belongs to AdS 7 , we take account of the 7-form field strength B 7 which is the Hodge dual to B 4 ,
where ω 3 is the volume form of unit S 3 . B 7 can be written as the following form with background gauge fields C 3 and C 6 to satisfy the equation of motion for B 4 :
Since C 3 ∧dC 3 = 0, we choose the gauge in which C 6 is given by
There is the 2-form gauge field A 2 on the M5-brane and let us define F 3 = dA 2 and
Notice that C 3 = 0 on this M5-brane worldvolume. The flux quantization condition (B.4) implies
(3.14)
We use the gauge symmetry (C.9) and set
Actually, the final result is independent of this gauge choice as far as we use the Legendre transformation prescription for the 2-form gauge field as in [47, 33] . In order to determine the field strengthH 3 dual to H 3 , we must fix an auxiliary field a which makes the action covariant (see Appendix C). Through the rest of this paper, we use Since the PST action (C.1) is originally defined in the Lorentzian background, we make the Wick rotationH t1 = iH τ 1 . Accordingly, the PST action (C.1) with nonzero C 6 becomes
We assume y < 0 and introduce the cutoff denoted by λ 0 and the lower bound λ min . The equation of motion for κ is
hence κ is related to k by
We can rewrite the action with this relation as
Furthermore, we replace the bulk direction y with z such that
Because z(λ min ) = 0 in the new coordinate, the PST action is given by
where a new cutoff is defined as z 0 := z(λ 0 ). Along the procedure of the Legendre transformation, we should impose the boundary condition on the conjugate momentum P z for z. 2 We would like to set the condition where the variation of P z is zero on the boundary,
The conjugate momentum is given by 27) and the boundary term can be written as
We bring it and the original action together. Then the regularized action S The M5-brane is wrapping AdS 3 × S 3 expressed by u = u k =(constant). From (3.30), κ is related to u k as
Similary, C 6 on the worldvolume is given by
In addition, we must use the flux quantization condition in this coordinate, namely, H 3 is
given by
On the other hand, (3.18) remains intact. Putting it all together, we can compute the PST action in these coordinates,
where ω 6 is the volume form of unit AdS 3 × S 3 and w 0 is a cutoff. Since the boundary term is proportional to the volume of the boundary and cancels the divergence, it is given by
The regularized PST action S reg M5 is obtained in the limit w 0 → ∞ as
Finally, the expectation value of the Wilson surface for the M5-brane wrapping AdS 3 × S 3 is given by
This result completely matches the value of the Wilson surface in symmetric representation (2.13). As a result, we could obtain nontrivial support for the AdS 7 /CFT 6 .
M5-brane wrapping AdS 3 ×S

3
In this section we consider a probe M5-brane wrapping AdS 3 ×S 3 . Here AdS 3 is a minimal surface in AdS 7 , whileS 3 is included in S 4 . It is convenient to use the global coordinates (3.2). We take the ansatz
The induced metric on the M5-brane is given by 39) where constant θ k is associated with integer k parametrizing the flux quantization condition (see Appendix B).
B 4 also can be written as the derivative of C 3 ; thus, for the global coordinates we have
whereω 3 is the volume form of unitS 3 . By integrating this over θ, C 3 can be obtained by
We choose the gauge in which C 3 = 0 at θ = 0 becauseS 3 shrinks at that point. Combining it with the flux quantization condition (B.4), the 3-form field strength H 3 is
The component ofH ab isH
We choose the gauge H 012 = 0 again. Moreover, we have C 6 = 0 on the worldvolume and C 3 ∧ H 3 = 0 because both are proportional to the volume form ofS 3 . Thus, the remaining part of the action is
Next we solve the equation of motion for θ k to acquire the on-shell value. It is equivalent
then we have the relation between θ k and k as
Substituting this into the action, we obtain
where ρ 0 is a cutoff. The boundary term S bdy is again proportional to the volume of the boundary and given by
We take the limit ρ 0 → ∞, and obtain
The expectation value for the M5-brane wrapping AdS 3 ×S 3 results in
It perfectly agrees with the Wilson surface in anti-symmetric representation (2.16); hence, this strongly stands for the AdS 7 /CFT 6 . rectangular Young diagram be n and the width m. Then it has been found that the Wilson loop expectation value in the Chern-Simons matrix model is expressed as
where Z is the appropriate normalization and F is given by
We would like to evaluate this integral in the limit N, n, m → ∞ while n/N, m/N are kept finite. In this limit we can use the saddle point approximation. Eq. (A.2) is simplified as
The saddle point equations are derived from eq (A.3) as
If we assume the order
the solution is given by
The notation of the integration variables here is related to [45] by u
In other words the eigenvalue density is expressed as
This is a special case of the eigenvalue distribution obtained in [45] . 4 The expectation value (A.1) is evaluated as
This equation reproduces the result of the symmetric representation (2.13) when n = 1, m = k, and the anti-symmetric representation (2.16) when n = k, m = 1.
The result (A.8) is not invariant under the exchange of n and (N − n) because this is the expectation value in the U(N ) theory. It is related to the SU(N ) theory by
where |R| is the number of boxes in the Young diagram R. We obtain the expectation value in the SU(N ) theory by making use of this relation as
This is invariant under the exchange of n and (N − n) as expected. This expectation value also reproduces the results (2.13) and (2.16).
B Flux quantization condition
We explain the flux quantization for the coupling of a probe M5-brane involving
an open M2-brane electrically following [48] . We denote the worldvolume manifold of the M2-brane by Σ 3 whose boundary ∂Σ 3 is part of the worldvolume of the M5-brane. where k ∈ Z, F 3 = dA 2 , and A 2 is the worldvolume 2-form gauge field. Since F 3 is proportional to the volume form ω 3 of the unit S 3 , we obtain the flux quantization condition
(B.4)
C PST action
The PST action proposed by [37, 38, 39] A mn dζ m ∧ dζ n as well as the spacetime coordinates.
The bosonic part of the action with the Wess-Zumino term is given by
where L = det δ n m + iH n m , (C.2) 
